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1. INTRODUCTION

Almost every course in topology starts with the notion of the manifold. The variety
of examples used to visualize this important concept includes the projective space.
This simple non-trivial example is particularly useful, because it allows to write
down explicitly formulas for all related notions such as charts, trivializations, and
transition functions. It is also important that these formulas are elementary, they
use only monomial functions. This property identifies an important class of alge-
braic manifolds called toric varieties. Apart from affine, projective, and weighted
projective spaces, they include their products, Hirzebruch surfaces and many other
interesting manifolds.

Another kind of examples used for the demonstration of basic properties of
manifolds is the so-called classical surfaces: the sphere, the torus, the Klein bottle,
the double torus, and so on. In general, a classical surface is a sphere, or a connected
sum of either tori or real projective planes. The process of triangulating or gluing
them from their fundamental polygons can be easily demonstrated to the audience,
which further enhances their educational value.

A question arises here whether we can analyze a real two-dimensional manifold
from these both angles. In other words, if there is a compact smooth real surface
which admits an atlas with monomial transition mappings, i.e., whether an example
of the real toric surface can be found.

The obvious answer is that such a surface exists and that it is the torus. The
latter is the real part of the product of two Riemann spheres. Since this product is
a toric variety, the torus is a real toric variety. However, this is the only example of
a smooth orientable compact surface admitting such an atlas. In this note we offer
an elementary proof of this fact.

2. CONSTRUCTION OF TORIC VARIETY
Definition. A complex toric variety is an irreducible variety X such that

1. The algebraic torus (C*)™ = (C ~ {0})™ is a Zariski open subset of X;

2. The multiplicative action of (C*)™ on itself extends to an action of (C*)™ on
X.

As already noted, the most basic examples of toric varieties are the algebraic torus
(C*)™, the affine space C™, and the projective space P,,. In general, a toric variety
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X consists of (C*)™ plus a finite number of toric hypersurfaces, which are also toric
varieties. This multilevel structure is reflected in a combinatorial object called fan.

A fan ¥ is defined as a finite collection of cones in R™ with the following prop-
erties:

o each cone o € ¥ is a strongly convex rational (with respect to the lattice
Z™ C R™ ) polyhedral cone;

o all faces of o € ¥ belong to ;
e if faces o, 7 € 3, then o N 7 is a face of both.

Every cone o from X defines an n-dimensional affine toric variety U,, and the toric
variety Xy is obtained by gluing together U, and U, along U, for all o, 7 € 3. It
should be stressed here that a fan completely determines a toric variety, therefore,
the question of varieties can be translated into the question of fans and solved by
elementary means.

In this note we choose a different construction of toric varieties from the one
mentioned above. This approach was developed independently by several people
(see [1]). It generalizes the quotient representation of the projective space as a set
of lines passing through the origin in an affine space. A toric variety in this case
is a set of certain monomial surfaces in an affine space passing through a special
collection of coordinate planes. For later use, we outline below the main points of
this construction.

Let v1,..., vqg € Z™ be the primitive elements (minimal integer generators) of
one-dimensional cones of the fan ¥ in R™. Assign a variable ¢; to each vector v;. In
the space C? of variables t = (t1,...,tq) we consider the variety

Z(x)={tec: [[ti=0 Voex}.
v o

In effect, to define this variety we may restrict ourselves to monomials associated
with maximal cones of 3. The function of this union of coordinate planes is parallel
to that of the origin in the case of the projective space.

The monomial surfaces in C% are the orbits of the multiplicative action of the
group G on C? \ Z(X). The group G is a subgroup of (C*)? and is defined by

d
G= {g=(u1,-~-7ud) eCh: l_I/JLﬁm’”i> =1 VmeZ”},

i=1

although it suffices to take only basis elements of the lattice for m. Thus, we have
only n relations, and G is isomorphic to (C*)4~".

The complex toric variety is defined as a quotient (C? \ Z(X))/G, but this
quotient is a smooth manifold if and only if the fan ¥ is simplicial and primitive.
In other words, if each k-dimensional cone is generated by k + 1 one-dimensional
cones and the list of their primitive generators may be completed to a basis of Z™.
Furthermore, Xy, is compact if the supports of all cones of ¥ cover the whole space
R™. We refer to the tutorial [2] for the details of both constructions and numerous
examples.
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Either construction can be transposed to the field of real numbers R producing
a real toric variety, which is a real part of the corresponding complex one.

We reformulate now our question in terms of fans. We are looking for a complete
simplicial primitive fan ¥ in R? such that the corresponding real toric variety is
an orientable surface. Order the generators of one-dimensional cones of ¥ counter-
clockwise. A two-dimensional cone generated by a pair of adjacent vectors v;, v; is
primitive if and only if the determinant

Ai]‘ = Vi1V52 — Vi2U51 = 1. (1)

It should be pointed out that a fan in R? with one-dimensional generators vy, .. ., vg
satisfying (1) is already complete and simplicial. Moreover, it can be also shown
that the resulting toric variety is orientable if and only if

for every generator v; = (v;1,v;2) the number |v;| = v;1 + v;2 is odd. (2)

A justification of this fact may be found in [3], where the real toric varieties were
successfully utilized.

Condition (2) places a severe restriction on the structure of fans in R? and plays
a crucial role in the next section. At the same time, without this assumption our
question presents a difficult problem, which is not yet solved.

3. THE FAN OF THE ORIENTABLE TORIC SURFACE
Let us start by introducing the following integer vectors

€1 = (170)7 €2 = (071)7 €3 = (_170)a €4 = (07_1)a
es = (1,1), e = (—1,1), e7 = (—1,-1), eg = (1, —1),

and open half-planes
M, = {veR*: (v,e;) >0}, k=1,...,8.

Lemma 1. Let ¥ be a fan in R? satisfying (1) and (2). Suppose that ey, lies in the
interior of the cone o = o(v;,v;) generated by v; and v;. Then either o ¢ Iy, or
o is a coordinate quadrant.

Proof. Consider first the case when k = 1,..., 4. The vector e; lies on an axis,
from which necessarily follows that o ¢ II,. Otherwise, the generators v; and v; of
o would lie in adjacent quadrants, hence the products v;1v;2 and vsov;1 differ from
zero and have different signs. This implies that the absolute value |A;;| > 1, which
contradicts (1).

Examine now the case when vector e lies on the bisector of a quadrant, i.e.,
k=5,...,8. Obviously, if ¢ is a quadrant containing ey, it satisfies conditions (1),
(2) and lies entirely in ITj.

Suppose now that o is not a quadrant and o C IIi. Then there are three possible
ways to arrange the generators v; and v; and the coordinate quadrant I, containing
(&7
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Figure 1.

a) the generators v; and v; lie in Iy;
b) the quadrant I lies entirely in o;
¢) one of the generators of ¢ lies inside Iy, while the other does not.

It is easily seen that the last case has already been ruled out, since the cone o
contains the vector ¢;, 1 <[ < 4 and lies entirely in the corresponding open half-
plane II;.

For the cases a) and b), notice that

|Ai;| = [vive — viovji| = |Jvirvje| — |vigvja]]-

This follows from the fact that the products v;1v;2 and v;ov;; have the same sign,
because the generators lie either in the same quadrant or in quadrants symmetrical
about the origin. More precisely, in these cases one of the generators of o(v;,v;)
belongs to the set D1 = {(z,y) : || > |y|}, whereas the other to the set Dy =
{(z,y) : |z|] < |y|}. Even more specifically, let v; be in Dy, then we may write

lvir| = p + |vizl,
|vja| = ¢ + |vj1] with positive integers p and g.

Substituting these equalities in the expression for |Aij| we arrive at

1801 = [pa + [vizla + vj1lp| = pa + vizlg + [valp.

It should be taken into account that ¢ is not a quadrant, that is, v;2 and v;; are
non-zero. For that reason |A;;| > 1, which contradicts (1). This concludes the
proof. O

Lemma 2. A cone o satisfying (1) and (2), and generated by v; = (vi1,—1) and
vj = (vj1,—1) cannot be decomposed into a fan with the same properties.

Proof. As the coordinates v;; and vj;; are necessarily even, we can write v;; = 2p,
vj1 =2q, p,q € Z.

Assume that there exists a refinement of o, and every cone of it satisfies (1)
and (2). Consider the vector (2p + 1, —1). It lies in o and cannot be a generator,
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—1

Figure 2.

since the sum of its coordinates is even. Therefore, it lies in some cone o™ (v}, v})
of the decomposition (see Figure 2), from which follows that (2p+ 1, —1) is a linear
combination of the generators v; and vj with positive coefficients, that is to say,

there exist positive integers o and g such that

avf; + fvj; =2p+1,
avjy + Puj, = —1.

On the other hand, v}, < wv;2 = —1 and U;Q < vjo = —1, so that the second equality
cannot hold. The consequence is that ¢ cannot be further decomposed. O

As a next step we will impose one additional restriction on fans. The reason
for placing this restriction is that two fans encode the same variety if there is a
unimodular linear transformation of Z2 turning one fan in R? into another. There
is a simple explanation for this: such a transformation of fans induces a monomial
isomorphism of the corresponding toric varieties. In order to avoid this ambiguity,
we shall consider fans only in their canonical form, i.e., fans containing the positive
quadrant as a two-dimensional cone.

This restriction does not eliminate any possible variety we are looking for, as
demonstrated by the following lemma.

Lemma 3. Let ¥ be a fan satisfying (1) and (2) and o(v;,v;) be any of its cones.
Then there exists a unimodular linear transformation turning o into the positive
quadrant and preserving properties (1) and (2) of the fan.

Proof. Tt is obvious that the transformation of R? with the matrix

A _ Ujg 71)]'1
—Ui2 Vi1

is unimodular and turns o into the positive quadrant. Property (1) of the trans-
formed fan follows immediately from the properties of determinants, and property
(2) is equally easy to prove. O

At this stage, we are ready to prove the following key proposition that establishes
the structure of the fan satisfying (1) and (2).



112 Oksana V. Znamenskaya, Alexey V. Shchuplev Normat 3/2009

Proposition 1. The canonical form of a complete fan ¥ in R? satisfying (1) and
(2) has only four one-dimensional cones generated by ey, ea, es, and v = (a, —1),
or by e, ea, eq, and v = (—1,a) with an even a (see Figure 3).
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Figure 3.

Proof. Assume that there exists a fan with prescribed properties, and its one-
dimensional generators are numbered counterclockwise, starting from e;. The vec-
tor e; becomes vy, e becomes vo, and the last one, preceding ey, turns into v,.

As the fan ¥ is complete, it has a cone o(v;,v;) containing es. According to
Lemma 1, the following three arrangements of vectors v;, v;, and ey are possible
(see Figure 4):

Figure 4.

a) the cone o(v;,v;) coincides with the quadrant generated by e4 and eq;
b) the vector v; coincides with eq, and v; lies inside the cone o(es, er);
c) the vector v; coincides with es, and v; lies inside the cone o(es, e1).

In the first case, the fan 3 already has two two-dimensional cones o(e1,es) and
o(e1,vq) with the generator vy coinciding with e4. Condition (1) imposed on these
cones yields v3 = (—1,a) and v4_; = (—1,b), but the cone generated by these two
vectors does not possess this property. Moreover, according to Lemma 2, this cone
cannot be further decomposed. Thus, the half-plane II3 contains only one generator
vz = (=1, a), and cones of ¥ are generated by eq, e, e4, (—1,a).

In the second case, the fan 3 contains two cones o(ey, es) and o(vg,e1) with
vg = v;. Consider a refinement of the cone o (e, vq). The vector vg—1 cannot lie in
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the interior of the quadrant o(es, e3), since this possibility is excluded by Lemma
1, and Lemma 2 states that v4—1 cannot lie inside of o(eg, e3). The only possibility
left is that vg—1 is e3. The next step is to subdivide the quadrant o(es, e3) but,
as we have seen, this contradicts Lemma 2. As a result, the fan ¥ has only four
generators: eq, eg, e3, and (a, —1).

In the third case, we are already in a position to subdivide o (e, e3), which
contradicts Lemma 2. O

4. CONSTRUCTING A VARIETY FROM THE FAN
In this section, we show that the fans obtained in Proposition 1 always encode, up
to a homeomorphism, the torus.

Proposition 2. Any smooth compact orientable real toric surface is homeomorphic
to the torus.

Proof. First note that toric surfaces corresponding to the fans with the generators
e1, e, es, v = (a,—1) and ey, eq, eq, v = (—1,a) are isomorphic since they differ
only by rotation. We shall choose the first set of generators. The corresponding
toric variety is defined as a quotient of R*\ Z by the action of the group G. The
set Z is the union of the two planes {t; = t3 = 0} and {to = t; = 0} in R* and
9= (1, p2, piz, pa) € Gif pa /pzpy ® = pa/pa = 1. Denoting Ay = pg and Ay = pua,
we may write the action of g on t = (1, t2,t3,t4) as

gt =(MA; "1, Aata, Aits, Aata), (A1, A2) € (R {0})%. (3)
We claim that the Cartesian product of two semicircles in R*
E={ti+t§ =11+t =113>0t; >0}

is a screen for the action of G, or equivalently, that every orbit of the group action
intersects this set.

Indeed, orbit (3) of ¢ intersects E if the following system of equations and in-
equalities in \ has a real solution:

(4)

(MAT )% 4+ (Mtg)? =1, Atz >0,
()\th)z + (/\2t4)2 =1, Aotyg > 0.

One can easily see that

1 1
M=ty ———) A=ty 5
Vv A A )

solves the equations. Since (t1, t3) and (ta, t4) are from R?\ {0}, these solutions
always exist. Besides, the inequalities in (4) determine the choice of a sign of the
roots if t3 # 0, t4 # 0. This proves that if an orbit intersects the screen F in an
interior point then this point is unique.
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We shall now turn to the case when an orbit meets E at a boundary point.
Fix a point P = (t1,t2,t3,t4) € OF. The coordinates of P satisfy 3 + t3 = 1,
t3 + t2 = 1, consequently, (5) implies that the orbit of P intersects the screen
E if \y = £1, Ay = £1, that is, in no more than four points, including P (for
A1 =X =1).

Since P € OF, at least one of the coordinates t3,t4 is equal to zero. Consider
two cases:

a) Assume that t3 =0, t4 # 0, then P = (£1,t9,0,t4). The inequality Aotq >0
implies that system (4) has only two solutions: \; = £1, A2 = 1. From this
we conclude that the orbit of P also intersects the screen E in another point

P/ = ()\1)\5a . (:l:].),>\2t2,)\1 . 0,)\2154) = (;1,t2,0,t4).

(see Figure 5). These two points must be identified.

Figure 5. Figure 6.

b) Assume now that t3 # 0, t4 = 0. Analogously, the solutions to system (4) are
A1 =1, Ay = £1, therefore, the point £ must be identified with the point

P = (/\1)\2_at1,/\2 . (:l:].),)\ltg,)\g 0) = (t1, :F].7 ts, O),

(see Figure 6).

Thus, in the screen, which is homeomorphic to a square, we identify the opposite
sides in such a way that the resulting surface is the torus (see Figure 7).

We may add here that if @ were odd, in case b) the sides would be glued differ-
ently, resulting in the Klein bottle, a non-orientable surface (see Figure 8). O

Figure 7. Figure 8.

REMARK. This results follow immediately from Proposition 1 as soon as we
notice that those fans encode complex toric varieties called Hirzebruch surfaces.
Topologically every Hirzebruch surface is a fiber product with the base CP; and
the fiber CPP;. The real part of it is either the torus or the Klein bottle.
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